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Aspects of topology of condensates and knotted solitons in condensed matter systems
Egor Babaev∗
Institute for Theoretical Physics, Uppsala University Box 803, S-75108 Uppsala, Sweden
The knotted solitons introduced by Faddeev and Niemi is presently a subject of great interest in
particle and mathematical physics. In this Letter we give a condensed matter interprtation of the
recent results of Faddeev and Niemi .
Since the celebrated work by Abrikosov [1] on vortices
in superconductors, the field of the topological defects
in superfluids evloved into one of the largest and most
diverse parts of condensed matter physics [2].
In this Letter we discuss possibilities of formation in
condensed matter systems of the knotted solitons and
their basic properties. This principally new type of topo-
logical excitations was introduced by Faddeev and Niemi
and was discussed first in mathematical and high energy
physics [5]- [10]. It appears that condensed matter
physics is a field with an especiailly wide range of possible
applications for the of the concept of knotted solitons.
A formation of a knot soliton requires a system with
more degrees of freedom and different topology than or-
dinary BCS superconductors. In particular, as discussed
in the abovementioned papers by Faddeev and Niemi
the knot solitons may form in a system of two charged
scalar fields. In condensed matter physics the system of
two charged complex scalar fields were discussed earlier
in context of two-band superconductivity [11]. In two
gap superconductors a Fermi surface passes through two
bands thus giving a theoretical possibility to a formation
of two superconductive condensates. Presently, there are
also ongoing discussions of the possibile coexistence of
two condensates in High-Temperature Superconductors.
Another condensed matter system which theoretically al-
lows two condensates is the liquid metallic hydrogen and
deuterium. Liquid metallic hydrogen should allow coex-
istentce of superconductivity of electronic and protonic
Cooper pairs , as it was investigated by Moulopoulos and
Ashcroft [12]. In a liquid metallic deuterium a superflu-
idity of deutrons may coexist with superconductivity of
electronic Cooper pairs [13] (see also [14]) .
A system of two coupled through magentic field
charged condensates can be described by means of a
two-flavour (denoted by i = 1, 2) Ginzburg-Landau func-
tional:
F =
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(1)
We consider a general case when condensates are charac-
terized by different effective masses mi, densities < Ψi >
and coherence lengthes ξi. For this system we derive
an effective Faddeev model following to Faddeev-Niemi
method.
The two condensates are coupled through an electro-
magnetic field. Variation with respect to Ak gives the
following expression for the magnetic field in such a sys-
tem:
1
2
rotB =
∑
i
2e2
mi
A|Ψi|
2 −
e
2m1
{Ψ∗1∂Ψ1 −Ψ1∂Ψ
∗
1}
+
e
2m2
{Ψ∗2∂Ψ2 −Ψ2∂Ψ
∗
2} . (2)
Let us rewrite the gradient term in the following form:
E =
∫
d3x
[
Ξ
4
{
sin2 γ |(∂k + i2eAk)f1|
2 +
+cos2 γ |(∂k − i2eAk)f2|
2
}
(3)
Here fi = |Ψi|/Ψ¯i, where Ξ
−1 = (m1/Ψ¯
2
1) sin
2 γ =
(m2/Ψ¯
2
2) cos
2 γ and Ψ¯i stands for the average value of
Ψi.
We parametrise the variables (f1, f2) as:
(f1(x), f2(x)) =
σ(x) ·
(
cos γ sin
θ(x)
2
· eiϕ1(x), sin γ cos
θ(x)
2
· eiϕ2(x)
)
(4)
where the variable σ(x) is chosen so that, for uniform
consendates |Ψi(x∞)| = Ψ¯i it assumes the value σ
∗ =
2/ cos(2γ). Following to Faddeev and Niemi method we
are using equations of motion to eliminate gauge field and
reexpress the free energy (1) to next-to-leading leading
order in the gradients of condensates. That is, we de-
termine Ak from (2) in the variables f1,2 and substitute
the result in (1). As the next step we define a three-
component unit vector [6]
~n = (cos(ϕ1 + ϕ2) sin θ , sin(ϕ1 + ϕ2) sin θ , cos θ) (5)
and eliminate the f1,2 fields in favour of the new variables
~n and σ. Thus we arrive to an effective Faddeev model
for two condesates of unequal masses and densities:
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∫
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(6)
This model has similar structure with the model that was
considered in [6]
H = ε
∫
d3x
[
α · |∂k~n|
2 +
1
4e2
(~n · ∂i~n× ∂j~n)
2
]
(7)
A system characterized by such a Hamiltonian admits
stable knotted solitons [6]. In terms of the vector ~n
the knot soliton in the Faddeev model (7) has the fol-
lowing structure: At large distances away from the knot,
the unit vector ~n(x) should approach the constant value
~n0. Let us choose this asymptotic value to be the south
pole ~n0 = (0, 0,−1). The pre-image of the north pole
~nc = (0, 0, 1) is a closed curve, associated with the core
of the closed vortex and may form a knot or a loop. The
unit vector ~n defines a point on S2 and thus ~n(x) defines
a map from the compactified R3 ∝ S3 → S2. Such map-
pings fall into nontrivial homotopy classes π3(S
2) ≃ Z
that can be characterized by a Hopf invariant. The vari-
ables of (5) describe a helical structure, with the Hopf
invariant being given by [6]:
QH = −(e
216π2)−1
∫
d3x~B · ~A =
∫
d3x∇ cos θ · ∇ϕ1/2π ×∇ϕ2/2π = ∆ϕ1 ·∆ϕ2 (8)
Here ∆ϕ1 and ∆ϕ2 denote the (2π) changes in the phases
of the wave functions of condensates along a path cover-
ing the closed/knotted vortex tube once in the toroidal
and poloidal directions over a surface with constant θ ∈
(0, π). In the case of two-condensate model (1) there is
no exact O(3) symmetry as it is also explicitly seen from
(6). That is, the mass terms for third component n3 of
the unit vector ~n breaks the O(3)-symmetry. Whereas
(n1, n2) components of the unit vector ~n are related to
the phases of the condensates and thus this symmetry is
exact, in contrast the n3 component is connected with a
degree of freedom associated with massive modules of the
scalar fields - thus the n3 componet is massive and has
a preferable value. In the model under the consideration
in this paper the energetically preferable value for n3 is:
n∗3 =
[
Ψ¯21
m1
−
Ψ¯22
m2
]
·
[
Ψ¯21
m1
+
Ψ¯22
m2
]−1
(9)
Albeit one of the components of the unit vector ~n is mas-
sive, it does not affect the stabilty of the knot solitions in
the action (6) which are protected against shrinkage by
the Faddeev term [third term in (6) ]. However the mass
and preferable value for n3 should affects the geometry
of the knotted solitons.
In conclusion we discussed realisations of knotted soli-
tions in a general system of two condensates giving a con-
densed matter interpretation of the Faddeev and Niemi
results [6,10]. A remarkable circumstance is that such a
condensed matter system which may describe e.g. the
coexistent electronic and protonic superconductivity in a
liquid metallic hydrogen [12] is described by an effective
model introduced in [5] that was derived before as an
effective model for QCD in the infrared limit [6]. Thus
it is a manifestation of the relevance of this model for a
exceptionally wide variety of physical problems and close
relation of the problems of condensed matter and particle
physics [15]. A number of exotic features of these topo-
logical defects in a general two-condensate system opens
an exceptionally wide range of interesting questions asso-
ciated with properties, formation and interaction of these
defects.
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Note added: Recently an exact mapping of
Ginzburg-Landau model to a version of the Faddeev
model without performing a derivative expansion was dis-
cussed in [16]
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